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Abstract. In this paper, a new concept of fuzzy average is proposed by use of a fuzzy correla-
tion matrix and a weight function. lfUrthermore, it is shown that the fuzzy average converges
to the corresponding arithmetric mean, when the number of fuzzy partition tends to $0$ . Thc
fuzzy average is investigated for a definite fuzzy correlation matrix, when the arithmetric
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2.1 $a<b,$ $a,$ $b\in R$ $[$a $,b]$ $n$ $[$a $,b]$ n-l $(n\geq 3)$
: $a=a_{1}<a_{2}<\ldots<a_{n-1}<a_{n}=b$ $n$ $A=(a_{i-1}, a;, a_{i+1})(1\leq$
$i\leq n)$ $a_{0}=a- \frac{b-a}{n-1},$ $a_{n+1}=b$ $\frac{b-a}{n-1}$ $A_{i}$
$\mu A;(i=1,2, \ldots n)$
$I_{1},$ $I_{2}(I_{1}, I_{2}\subset R)$ $n$ $I_{1},$ $I_{2}$
$n$ $A_{i}=(a_{1}^{i}, a_{2}^{i}, a_{3}^{i}),$ $B_{j}$ $=$ $($ $b_{2}^{j},$ $b_{3}^{j})$
$\mu\cdot A_{i}$ , $\mu$B
22 $x_{1}\in I_{1},$ $x_{2}\in I_{2}$ $w_{i,j}(x_{1}, x_{2})$
$I_{1},$ $I_{2}$ $n$ $w_{i,j}(x_{1}, x_{2})$
(2-2)
$w_{i,j}(x_{1}, x_{2})=\{\begin{array}{ll}\frac{R(\mu A_{j}(x_{1}),\mu B_{j}(x_{2}))}{\sum_{1=1}^{n}\sum_{j=1}^{n_{R(\mu(x_{1}),\mu B_{j}}}A:(x_{2}))} if \sum_{i,j=1}^{n}R(\mu A_{i}(x_{\iota}), \mu B_{j}(x_{2}))\neq 00 if \sum_{i,j=1}^{n}R(\mu A_{i}(\text{ _{}1}), \mu B_{j}(x_{2}))=0\end{array}$
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$R($ a$,b)$ a $b$ $R($a$, b)=\min\{$a$,b\}$
$R($ a$,b)$ 4
$w_{i,j}(x_{1}, x_{2})$
(1) $0\leq w$ $(\text{ _{}1}, x_{2})\leq 1$ ;
(2) $\sum_{i=1}^{n}\sum_{j=1}^{n}w$ $(x_{1},$ $2)=1$ .
$w_{i,j}(x_{1}, x_{2})$ $A$ ; $a_{2}^{i}$ $\text{ _{}2}$ $B_{j}$ $b_{2}^{j}$
2.3 $\text{ _{}2}$ $I_{1},$ $I_{2}$ $I_{1},$ $I_{2}$
$n$ $I_{1},$ $I_{2}$ $n$
$A_{i}=(a_{1}^{i}, a_{2}^{i}, a_{3}^{i}),$ $B_{j}=(b_{1}^{j}, b_{2}^{j}, b_{3}^{j})$ $a_{2}^{i},$ $b_{2}^{j}$ $\{a_{2}^{i}\}_{i=1}^{n},$ $\{\dot{\mathcal{U}}_{2}\}_{j=1}^{n}$
$x_{1}(x_{1}\in suppA_{i})$ $x_{2}(\text{ _{}2}\in suppB_{j})$ A
$a_{2}^{i}$ $B_{j}$
$b_{2}^{j}$ $a_{2}^{i}$ $i,$ $j$
$(M_{i}^{n_{j}})(1\leq i, j\leq n)$ $(M_{i}^{n_{j}})$ $n$
(Fuzzy Correlation Matrix)
$w_{i,j}(x_{1}, x_{2})$ $(M_{i}^{n_{j}})$ (fuzzy average)
24( ) $I_{1}=[a, b],$ $I_{2}=[c, d]$ $n$ $w_{i,j}(x_{1}, \text{ _{}2})$
$(M_{i}^{n_{j}})$ $\text{ _{}1}\in I_{1},$ $\text{ _{}2}\in I_{2}$ $f(x_{1}, x_{2})$
(2-3) $f=f(x_{1}, x_{2})= \sum_{i=1}^{n}\sum_{j=1}^{n}w_{\{,i}(x_{1}, x_{2})M_{i,j}^{n}$




$I_{1},$ $I_{2}$ $n$ $(M_{i}^{n_{j}})$
$n$
$I_{1}=\{\text{ _{}1}|0\leq x_{1}\leq 1\},$ $I_{2}=\{\text{ _{}2}|0\leq$ $\leq 1\}$ $(i=1,2)$ n-l
$n$ $I_{1}$ $I_{2}$ A$(i=1,2, – n)$
$B_{j}(j=1,2, \ldots, n)$
$A$ $=( \frac{i-2}{n-1}, \frac{i-1}{n-1}, \frac{i}{n-1})$ , $B_{j}=( \frac{j-2}{n-1}, \frac{j-1}{n-1}, \frac{j}{n-1})$
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$\mu A;(x_{1})=\{\begin{array}{l}(n-1) \text{ } 1^{ -}(i-2), \text{ }1 \in[\frac{i-2}{n-1}, \frac{i-1}{n-1}]-(n-1) \text{ } 1+i, \text{ }1 \in[\frac{i-1}{n-1}, \frac{i}{n-1}],0, \text{ }\end{array}$
$\mu B_{j}(x_{2})=\{\begin{array}{l}(n-1) \text{ } 2^{ -(j-2)}, \text{ }2 \in[\frac{j-2}{n-1}, \frac{j-1}{n-1}]-(n-1) \text{ } 2+j, \text{ }2 \in[\frac{j-1}{n-1}, \lrcorner]0, \text{ }\end{array}$
$0$
$(M_{jj}^{n})$ $M_{i,j}^{n}$ $M_{i,j}^{n}= \frac{1}{2}(a_{2}^{i}+b_{2}^{j})=\frac{1}{2}(\frac{i-1}{n-1}+\frac{j-1}{n-1})$
$n$
$\bigwedge_{n}(x_{1}, x_{2})=\{(i, j)|x_{1}\in suppA_{i},$ $2 \in suppB;\}$
(2) (2-3)
$x_{f}- \frac{\text{ _{}1}+x_{2}}{2}=\sum_{i,j=1}^{n}w_{i,j}$ $(x_{1},$ $2)$ $\cdot(M_{i,j}^{n}-\frac{x_{1}+\text{ _{}2}}{2})$ .
(1) (2-2)
$|x_{f}- \frac{\text{ _{}1}+x_{2}}{2}|\leq\sum_{(i,j\in\wedge nx_{1},x_{2})}w$
$( \text{ _{}1}, x_{2})|M_{i,j}^{n}-\frac{x_{1}+x_{2}}{2}|$
$\leq\sum_{n}i,j\in\wedge(x_{1\prime}x_{2})|M_{i,j}^{n}-\frac{x_{1}+\text{ _{}2}}{2}|$
$\leq\frac{1}{2}(\frac{2}{n}+\frac{2}{n})=\frac{2}{n}arrow 0$ as $narrow\infty$ . $[$
$(M_{i}^{n_{j}})$
$R(a, b)$ $n$ $n$
$=[0,1](k=1,2)$
3
3.1 Fig 3.1 $I_{1},$ $I_{2}$ 3 $w_{i,j}(\text{ _{}1, _{}2})$
$R(a, b)$ $\min\{$ a$,b\}$ 3
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(3-1) $(M_{i,j}^{3})=(0_{0.5}^{o_{25}}$ $0750.250.\cdot 5$ $0_{1.o^{5}}^{0_{7}5}$ $)$
$\text{ _{}1},$ $\text{ _{}2}$ Fig.3.2
A C ON T OUR $\uparrow iAPt2$ $P$ A $R71\Gamma 10N$ )
$(x- - 0. \iota\sim x=0.9)(40)$
$(\alpha)$ (b)
Fig.3.2 The fiuzzy average on $M_{i}^{n}. \cdot=\frac{1}{2}(a_{2}^{i}+b_{2}^{j})$ with $n=3$ .
(a) $T1\iota e$ fuzzy average; (b) Contour map$(O.1,0.2,\sim,0.9)$ .
A $C0NT0UR$ $HAPt4$ $P\Lambda RT$ I $T10N)$
$(x- - 0. |\sim X=0.9)(40)$
. $(\alpha/$ (b)
$\Gamma\{ig.3.3$ The fuzzy average on $M_{i1j}^{n}= \frac{1}{2}(a_{2}^{i}+b_{2}^{j})$ with $n=5$ .
(a) The fuzzy average, (b) Contour map$(O.1,0.2,\sim,0.9)$ .
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3.2 $I_{1},$ $I_{2}$ 4 5 $w_{i,j}(\text{ _{}1, _{}2})$
$R(a,$ $)$ $\min\{$ a$,b\}$ 5
(3-2) $(M_{i1j}^{5})=(\begin{array}{lllll}0000 0.125 0.250 0.375 0.5000.125 0250 0.375 0.500 0.6250250 0375 0.500 0.625 0.750’0375 0500 0.625 0.750 0.8750500 0625 0.750 0.875 1.000\end{array})$
$\text{ _{}1},$ $\text{ _{}2}$ Fig.3.3





[2] $w_{i,j}(\text{ _{}1, _{}2})$ $R(a, b)$
$\min\{a, b\}$ minimum $t$




(tria-ngular-norm), $t$ (triangular-conorm) $t$
$t$ $t$ $T(x,y),t$
$S(x,y)$













(Logical product) $T(x, y)= \min\{$ $, y\}$ ; (Bounded
product) $T($ $, y)=ma$ $\{0, x$ $y-1\}$ ; (Algebraic product) $T(x, y)=$ $\cdot y$ $t$
$t$ $t$






(S2) $x_{1}\leq \text{ _{}2}$ $S(x_{1}, y)\leq S(\text{ _{}2}, y)$
(S3) S$($ $, y)=S(y,$ $)$
(S4) $S($ $, S(y, z))=S(S(x, y), z)$
(Logical sum) $S(x, y)= \max\{x,$ $\}$ ; (Bounded sum)




Fig 3.1 3 (3-1) 3
$R($ a$,b)$ Table4.1 $t$
Fig.4.2 Fig.4.2 (a) $R($ a $,b)$ $\min\{$ a$,b\}$
Fig.4.2 (b) $R($ a$,b)$ $\frac{ab}{a+b-ab}$ Fig.4.2
(c) $R($ a$,b)$ $ab$ Fig.4.2 (d) $R($ a$,b)$ $\frac{ab}{1+(1-a)(1-b)}$
Fig.4.2 (e) $R($ a$,b)$ $\max\{0, a+b-1\}$
Fig.4.2 $t$ (bounded product)
$R($ a$,b)$
$\text{ _{}f}$
$=f(\text{ _{}1})$ $2)$ $= \sum\sum w_{i,j}(\text{ _{}1},$ $\text{ _{}2})M_{i,j}^{n}$
$i=1j=1$
$= \frac{\sum_{i,j=1}^{n}\max\{0,\mu A:(x_{1})+\mu B_{j}(\text{ _{}2})-1\}\cdot M_{i,j}^{n}}{\sum nma\text{ }\{o_{\mu A_{1}}(\text{ _{}1})+\mu B_{j}(\text{ _{}2})-1\}}$
$=1,2$) $n$ $I_{k}(k=1,2)$ n-l $n$
$A_{i}(B_{j})$
$0$ $x_{1}=\text{ _{}2}$ $i\neq j$
$\mu A;(\text{ _{}1})+\mu B_{j}(x_{2})\{\begin{array}{ll}=1 i=j+1 \text{ } i=j-1<1 k\emptyset\int\{|!\end{array}$
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fuzzy average contour map(0.1 $\sim$ 0.9)
$L0G|CALPR0D\cup CI12PAR||1|0It)$ $(Q)$
$t2$ $PA$ IIIIONL
$N\Lambda\aleph AC\mathfrak{l}1\in R$ PRODUC 1 $(b)$
$A1.CE0RA1CPR0DUC1(2P\wedge RI|||0N)$ ( $C$ )
$(d)$
$\mathbb{E}|Ii5I\mathbb{E}|tPR0D11C112|^{3}ARf’|T|0\aleph\}$
$\theta 0UND\in DPR0DUCI$ (e)
12 PARI $11|0N)$
Fig.4.2 Tlie fuzzy average on each t-norm.(a)logical product;
(b) lIamacher product; (c)algebraic product; (d) Einstein product; (e) bounded product.
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$n$ $x_{1}=x_{2}$ i $\neq$ $\mu A_{i}(\text{ _{}1})$ $\mu B_{j}(\text{ _{}2})$
$ma$ $x\{0, \mu_{A_{i}}(x_{1})+\mu B_{j}(x_{2})-1\}=0$
$x_{1}=\text{ _{}2}$
$f= \frac{\sum_{i=1}^{\text{ }}ma\text{ }\{o_{\mu A_{j}}(\text{ _{}1})+\mu B:(\text{ _{}2})-1\}\cdot M_{1,i}^{n}}{\sum_{\tilde{l}=1}^{n}ma\text{ }\{).\cdot(\text{ _{}2})-1\}}$
$\text{ _{}1}=$
(1) $0< \text{ _{}1}=x_{2}<\frac{1}{2(n-1)}$ $\mu A_{1}(x_{1})+\mu B_{1}(\text{ _{}2})>1$
$\max\{0, \mu A_{1}(\text{ _{}1})+\mu B_{1}(x_{2})-1\}>0$ . $w_{1,1}(\text{ _{}1}, x_{2})>0$ . $w_{1,1}(\text{ _{}1}, x_{2})$
$w;,i(\text{ _{}1, _{}2})(i=2,3, \ldots n)$ $0$ $M_{1,1}=0$ $x_{f}=0$
$0<$ $1=$ $2< \frac{1}{2(n-1)}$ $x_{f}=0$ .
(2) $\frac{1}{2(n-1)}<\text{ _{}1}=x_{2}<\frac{1}{n-1}$ $\mu A_{2}(x_{1})+\mu B_{2}(x_{2})>1$
$ma$ $\{o_{\mu A_{2}}(x_{1})+\mu B_{2}(x_{2})-1\}>0$ . $w_{2,2}(\text{ _{}1, _{}2})>0$ . $w_{2,2}(x_{1}, \text{ _{}2})$
$w_{i,i}(\text{ _{}1, _{}2})(i=1,3,4, \ldots n)$ $0$ $M_{2,2}= \frac{1}{n-1}$ $\text{ _{}f}=\frac{1}{n-1}$
$\frac{1}{2(n-1)}<x_{1}=\text{ _{}2}<\frac{1}{n-1}$ $\text{ _{}f}=\frac{1}{n-1}$ .
$\frac{i}{n-1}<x_{1}=\text{ _{}2}<\frac{2i+1}{2(n-1)}$ $\mu A_{i}(x_{1})+\mu B:(\text{ _{}2})>1$
ma$x\{0, \mu A_{i}(x_{1})+\mu B;(x_{2})-1\}>0$ . $w_{i,i}(x_{1}, x_{2})>0$ . $f_{\text{ }}^{\sim}w_{i,i}(x_{1}, \text{ _{}2})1_{-|\beta|}^{\backslash }$,
$w_{j,j}(\text{ _{}1}, x_{2})(j=1,2, \ldots, i-1, i+1, \ldots n)$ $0$ $M_{i,i}= \frac{i}{n-1}$ $\text{ _{}f}=\frac{i}{n-1}$
$\frac{:}{n-1}<x_{1}=x_{2}<\frac{2i+1}{2(n-1)}$ $\text{ _{}f}=\frac{\mathfrak{i}}{n-1}$ .
$x_{f}$ $\text{ _{}1}=\text{ _{}2}$
$n=3$ $\text{ _{}1}=x_{2}$ $f$ Fig.4.3
Fig.4.2 (e) $x_{2}=x_{1} \pm\frac{i}{n-1}(i=1,2, \ldots n-2)$
$x_{1}=\text{ _{}2}$ $n$
$(n-1)\cross(n-1)$
$( \frac{1}{2(n-1)},.\frac{1}{2(n-1)}),$ $( \frac{1}{2(n-1)}, \frac{3}{2(n-1)}),$ $\ldots)(\frac{1}{2(n-1)}, \frac{2n-3}{2(n-1)})$ ,
$( \frac{3}{2(n-1)}, \frac{1}{2(n-1)}),$ $( \frac{3}{2(n-1)}, \frac{3}{2(n-1)}),$
$\ldots,$
$( \frac{3}{2(n-1)}, \frac{2n-3}{2(n-1)})$ ,




Fig.4.3 The fuzzy average on $x_{1}=$ 2
42 $R($ a $,b)$ $t$
4.1 Fig.3.1 3 (3-1) 3
$R($ a $,b)\}_{\llcorner}^{\vee}$ Table4.1 $t$ $Js$
Fig.4.4 Fig.4.4 (a) $R($ a$,b)$
$\max\{$ a$,b\}$ Fig.4.4 (b) $R($ a$,b)$ $\frac{a+b-2ab}{1-ab}$
Fig.4.4 (c) $R($ a$,b)$ $a+b-ab$ Fig.4.4 (d)
$R($ a$,b)$ $\frac{a+b}{1+ab}$ Fig.4.4 (e) $R($ a$,b)$ $\min\{1, a+b\}$
Fig.4.4 $t$ $/\iota$, (0,0)
; (1,1)
$R(a, b)$ $max\{a, b\}$ $x_{1}=\text{ _{}2}=0$
$f=f(0,0)= \sum_{1=1}^{3}\sum_{j=1}^{3}w_{i,j}(0,0)M_{i,j}^{3}=\frac{\sum_{ij--1}^{3}ma\text{ }\{\mu A_{j}(0),\mu B_{j}(0)\}\cdot M_{i,j}^{3}1}{\sum_{i,j=1}^{3}ma\text{ }\{\mu A:(0),\mu B_{j}(0)\}}$
$= \frac{1\cross 0+1\cross 0.25+1\cross 0.5+1\cross 0.25+1\cross 0.5}{1+1+1+1+0+0+1+0+0}=0.3$
$x_{1}=\text{ _{}2}=1$
$f=f(1,1)= \sum_{i=1}^{3}\sum_{j=1}^{3}w_{i,j}(\cdot 1,1)M_{i,j}^{3}=\frac{\sum_{i,j--1}^{3}ma\text{ }\{\mu A_{i}(1),\mu B_{j}(1)\}\cdot M_{i,j}^{3}}{\sum 3\max\{\mu A_{j}(1),\mu B_{j}(1)\},1}$
$= \frac{1\cross 0.5+1\cross 0.75+1\cross 0.5+1\cross 0.75+1\cross 1}{0+0+1+0+0+1+1+1+1}=0.7$
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$ll\cdot\prime 0\cdot\cdot\aleph.11f\cdot\cdot|11\cdot*’\hslash\wedge\cdot\wedge\aleph 1\cdot\cdot 0.t.\sim:_{\omega*}^{\wedge\prime}0..,,,01$
$HAM\wedge CH\epsilon Rt2PAR\Gamma|V|0N)S\cup\}\{$






$12$ PAR71 $l$ lON)
$\delta 0\cup ND\mathbb{E}D5\cup|\t2P\wedge RT|1|0N)$
$(e)$
Fig.4.4 $\prime r|ie$ fiizzy average on each t-conorm.(a)logical sum;




$I_{k}(k=1,2)$ 4 5 $w_{i,j}(x_{1)}x_{2})$
$R(a,$ $)$ (logical sum) . (3-2) 5 $(M_{i,;}^{s})$
Fig.4.5
(b)$(a)$
Fig.4.5 The fuzzy average with logical sum on $n=5$ .
(a) The fuzzy average;(b) Contour map(0.1 $\sim$0.9).
Fig. 45 (b) Fig 44 (a) Fig 44 (a)
3 (0.4,0.5,0.6) Fig.4.5 5 (03,04,05,06,07)
$t$ $s$






$t$ $)s$ $t$ $Js$ 3
$t$ $/s$ $t$ ) $s$
$n$ $n$
Fig.4.2 Fig.4.4
$x_{1},$ $x_{2}$ $x_{1},$ $x_{2}$
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